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Abstract We introduce a contraction procedure for obtaining the Jordanian deformation of SL(2) 
from its Drinfeld-Jimbo deformation. To be specific. we obtain SLdZ), its differential geometry, 
and its star product from theu q-deformed counterparts. We also present a transformation of the 
generators of U&l(Z)) which, in a limit yield the generators of U,,(sI(Z)). 

The group SL(2) admits two distinct quantizations: one is the well known Dnnfeld-Jimbo 
(4-) deformation and the other is the so-called Jordanian (h-) deformation [l]. These 
quantum groups act on the q-plane, with the relation x y  = qyx and the h-plane, with the 
relation x y  - yx = hy', respectively. It is shown that, up to isomorphisms, there exist only 
two quantum deformations of GL(2) which admit a central determinant [2]-the single- 
parameter q- and h-deformations. In addition, 2 x 2 quantum matrices admitting left and 
right quantum spaces are classified [3], i.e. the two parametric q- and h-deformations. In 
some vague sense it seems that the Jordanian deformation of GL(2) lies somewhat on the 
boundary of the Drinfeld-Jimbo deformation. In this letter we want to clarify explicitly the 
relation between these two deformations of SL(2). 

For the q-deformation of SL(2) in particular (and also for,SL(n)), one cannot develop 
a well developed differential geometry which simultaneously is bicovariant and has the 
correct number of generators and differential forms which satisfy the Leibnitz rule~[4]. This 
is due to the fact that although the determinant of the quantum matrix is central to the 
algebra itself, it is not in the centre of the whole graded differential algebra. Therefore, one 
cannot form the quotient Q(GLq(n)/det(Mq(n))) ,to define Q(SL,(n)): It is the Jordanian 
deformation which successfully solves this difficulty [5].  In fact, if one insists on deforming 
not only the group itself but also its differential structure, the Jordanian deformationobtains 
an important success. 

The idea of using the singular limits of transformations is not new. The contraction of 
Lie groups, as first introduced by Inonu and Wigner 161, is such a process. This contraction 
procedure has been successfully applied to quantum groups to obtain deformations of 
inhomogeneous groups such as E&) and the Poincar6 group [7-9]. 
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In this letter, we will show that SLh(2) [1,2,5,10-151 can be obtained f" SL9(2) by a 
singular limit of a similarity transformation. Not only the Hopf algebras but also the whole 
differential structure is obtained in this' way. The same is also true for the inhomogeneous : 
quantum group IGLh(2) which can be obtained from IGL,(2). In addition, the generators 
of the deformed universal enveloping algebra Uh(sI(2)) are related by a singular limit of a 
transformation to the generators of U,(s1(2)). 

To begin with we define 

M' = (:: :) E GL9(2). 

Throughout this letter we denote q-deformed objects by primed quantities. Unprimed 
quantities represent similarity transformed objects, which, in a certain limit, tend to h- 
deformed ones. M' E GL9(2) means that the entries of M' fulfil the following commutation 
relations: 

-I I I a'c' = qc'a' b'd' = qd'b' [a', d'] = (q - q )b c 
a'b' = qb'a' c'd' = qd'd db' = b'c'. 

(2) 

Here [, ] stands for the commutator.  the quantum determinant~D', defined below, lies in 
the centre of the algebra: 

D' = det M' := a'd' - qc'b'. (3) 

GL9(2) acts on the q-plane which is defined by x'y' = qy'n'. Now let us apply a change 
of basis in the coordinates of the q-plane by use of the following matrix: 

9 

A simple calculation shows that the transformed generators x and y fulfil the relation 
xy = qyx + hy2. The q -+ 1 limit of~this is exactly the commutation relation that defines 
the h-plane: n y  = yx  + hyZ. The transformation on GLq(2), corresponding to (4). is the 
following similarity transformation: 

M' = gMg-' 

h hZ 
c b'=b+-(d-a)-- a'=a+- 

q - 1  

h 
q - I  (4 - l)ZC ~~ (5) 

It is clear that a change of basis in the quantum plane leads to the similarity 
transformation M = g-'M'g for -the quantum group and the following similarity 
transformation for the corresponding R-matrix. 

R = (g 8 g)-' R'(g 8 g ) .  (6) 
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We use the following R-matrix for the q-deformation: 

1 0  0 0 
, 0 q 1-q* 0 

R = ( :  8 ; ;). (7) 

For g given in (4), we obtain , , 

The algebra of functions GLq(2) are obtained from the following relation 

R'MiM; = MiMiR'. (9) 

Applying transforhations (5.6) one obtains in the limit 

R M I M ~  = M ~ M I R .  (10) 

So, the enbies of the transformed quantum mabix M fulfil the commutation relations of the 
GLh(2). 

[U, cl = hc2 

[U, d ]  = hdc - hac 

[b, C ]  = ~ U C  f hcd 

Id, b] = h(D - dz) 

[d, C] = hC2 (11) 
2 [b, U ]  = h ( ~  - D ) .  

Here the corresponding determinant is 

D=detM:=ud-cb-hcd .  (12) 

One can also obtain the above algebra by direct substitution of (5) in (2): Note that although 
the transformations (4), (5) are ill behaved as q 3 1 the resulting commutation relations are 
well defined in this limit. It is also important to  note that this process cannot be reversed 
one cannot use the inverse transformations to obtain GLq(2) from GLh(2). Because of the 
one-way nature of transformation, we call this process a contmction. It is easily shown that 
the co-unity, anitpode and co-product structures are also transformed to their h-defonned 
counterparts. 

The inhomogeneous quantum group IGLq(2) has two extra generators U' and U' which 
we mange in mabix form 

h 

U': = (::) 
The commutation relations for these extra generators, which correspond to translations, are: 

uv = quu 

(uv + uc) - q(cu + uu) = 0 

(bu + ud) - q(du + ub) = 0 
(14) 
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Applying (4). (5) and U' = gU in the limit q + 1 we get 

2 uu - uu = hu 

[b, VI + [U, dl = h(d, (15) 

[a. VI +[U. c1= h(c, 4 

where [, ] stands for the anticommutator. These are the known commutation relations for 
IGLh(2), [151. 

A quantum group's differential shucture is completely determined by its R-matrix 
[16,17]. One therefore expects that by this similarity transformation the differential structure 
of the hdeformation [5] can be obtained from that of the q-deformation: 

where dM = g-' dM'g. Using the above relations the differential simcture of GLh(2) can 
easily be obtained from the corresponding differential structure of GL,(2). 

One can easily obtain two parametric deformation, GLhh42), from GLq,(2) by a similar 
procedure which results in the following map of the R-matrices: 

/ 1  0 0 0  1 -h' h' hh' 
-a2D2 O\ - (0 1 0 -h\ 

provided that, for q -+ 1 and p -+ 1, (1 - qp2)/(l - q) + h'/h. 
The star product of the elements of the functions on the group SLq(2) is known. As 

far as we know for the Jordanian deformation of SL(2) these star products are not known. 
However, this method gives us the ability to obtain them. The star product of SLq(2) is as 
below [IS]. ~ 

a' *a' = a b '*b '=b  c'*c'=c" d '*d '=dn 
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Applying transformation (5) to these relations leads to the following star product for the 
Jordanian deformation of SL(2) 

h2 a * b = a b + - ( a d - b c - a 2 ) + - c d - - 2  a * a = a  +-c 
4 

a * c  = ac+ -c2 

c * d  = cd - -c2 

d * d  = d2 + -c2 

h h2 h3 
2 4 8 

h h h2 2 a * d  = a d -  - (ac-cd)  - -c 

b * b  = b2 + -[(a -d)'+2bc] -!- -c2 

2 2 4 
h h2 h4 
2 4 2 

h2 h h2 h3 
4 2 4 8 

2 

b * d  = db - bc -d2),+ -ac+~-c2 
(1% 

c*b=bc--(ac+cd)+-c'  h h2 
2 4 

h h2 h3 
2 4 8 

c * a = a c - - c  

, b  * a  = a b  - -(ad - bc - a') + -cd + -c 

h h2 h3 h 
2 4 2 4 8 
h h h2 
2 2 4 

c * c = c  

h2 d * b = bd+ -(ad - bc -dz )  + -ac - -c d * a  = a d +  -(ac - cd) - -c 

d * c  = cd + -c2 b * c  = bc+ -(ac+cd) + -c2. 

To proceed with the deformed universal enveloping algebras we use the well hown duality 
between Uq(s1(2)) and SL9(2). The algebra U9(sl(2)) is generated by three generators X* 
and H. They can be arranged in the following matrix form: 

U,(s1(2)) is generated by three generators X* and H. The duality relations are: 

(LZ,  M!.) 'I = &R&(L;;, vi,) = 4 - 4 ~ ; ~ ~  (21) 

RI- := PR'P Pijmn := Sin8jm. (2) 

where 

:= RI-1 

Note that we have to use these because we started with an upper triangular R-matrix. Now 
we use g to get M, R+ and R-. 

(23) R* = (g C3 g)-'R'*(g C3 g). 

Using these, it can be shown that 

L+ = g-1 L'+g 
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where 

Now we introduce the following generators: 

7 := q-HP 

~ - 1  := q H / 2  

x := ah-l(qM/z - q-H/2) + h-l(q - q - l ) x +  

The first three generators are the elements of L+. The fourth one is built by a linear 
combination of the elements of Lf and L-,  such that theresulting algebra of these generators 
remains non-singular in the limit q -+ 1. In fact in this limit, both R+ and R- become 
upper triangular and one cannot obtain the commutation relations for the last generator. It 
can be shown that these generators fulfil the following set of commutation relations: 

qT1.t -'HI= 1 - 9  

qx7-l- 7-Ix = T-' - 1 

(27) 

1 
q + l  

t 'H,Yl=--{Y,T-]+I) .  

Setting q = 1 in these equations results to the known relations for Uh(s1(2)), [12]. It is easy 
to show that co-unity, co-product and antipode are also obtained in the q + 1 limit from 
their corresponding q -deformed counterparts. 

The authors would like to thank V Kahipour  for stimulating discussions. 
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